We present the results of a systematic study of the evolution of low-and intermediate-mass X-ray binaries (LMXBs and IMXBs). Using a standard Henyey-type stellar-evolution code and a standard model for binary interactions, we have calculated 100 binary evolution sequences containing a neutron star and a normal-type companion star, where the initial mass of the secondary ranges from 0.6 to 7 M ⊙ and the initial orbital period from ∼ 4 hr to ∼ 100 d. This grid of models samples the entire range of parameters one is likely to encounter for LMXBs and IMXBs. The sequences show an enormous variety of evolutionary histories and outcomes, where different mass-transfer mechanisms dominate in different phases. Very few sequences resemble the classical evolution of cataclysmic variables, where the evolution is driven by magnetic braking and gravitational radiation alone. Many systems experience a phase of mass transfer on a thermal timescale and may briefly become detached immediately after this phase (for the more massive secondaries). In agreement with previous results (Tauris & Savonije 1999), we find that all sequences with (sub-)giant donors up to ∼ 2 M ⊙ are stable against dynamical mass transfer. Sequences where the secondary has a radiative envelope are stable against dynamical mass transfer for initial masses up to ∼ 4 M ⊙ . For higher initial masses, they experience a delayed dynamical instability after a stable phase of mass transfer lasting up to ∼ 10 6 yr. Systems where the initial orbital period is just below the bifurcation period of ∼ 18 hr evolve towards extremely short orbital periods (as short as ∼ 10 min). For a 1 M ⊙ secondary, the initial period range that leads to the formation of ultracompact systems (with minimum periods less than ∼ 40 min) is 13 to 18 hr. Since systems that start mass transfer in this period range are naturally produced as a result of tidal capture, this may explain the large fraction of ultracompact LMXBs observed in globular clusters. The implications of this study for our understanding of the population of X-ray binaries and the formation of millisecond pulsars are also discussed.
Low-mass X-ray binaries (LMXBs) were discovered nearly 40 years ago, and there are now ∼ 100 known in the Galaxy. Based on their short orbital periods of 10 d and the absence of luminous companion stars, it is generally inferred that the donor stars in these systems are typically low-mass stars (i.e., 1M ⊙ ). However, to-date Cyg X-2 provides the only case in which a low mass for the donor star has actually been confirmed dynamically (Casares, Charles, & Kuulkers 1998; Orosz & Kuulkers 1998) . Nonetheless, a fairly compelling picture of LMXBs has emerged over the years, wherein a low-mass donor star, of varying evolutionary states, transfers mass through the inner Lagrange point to a neutron star (Lewin, van Paradijs, & van den Heuvel 1995) . Only relatively recently, however, has attention been focused on the possibility that many, or perhaps most, of the current LMXBs descended from systems with intermediate-mass donor stars (hereafter IMXBs).
It has long been conventional wisdom that, if the donor star in an X-ray binary is significantly higher in mass than the accreting neutron star, mass transfer would be unstable on a dynamical timescale, and therefore such systems would not survive. The first systematic study which indicated that such a view was too simplistic was carried out by Pylyser & Savonije (1988 , who considered compact binaries with initial donor masses up to 2 M ⊙ and initial orbital periods of 2 d. Tauris & Savonije (1999) extended this work to show that, even if the donor star is a (sub-)giant, dynamical mass transfer is avoided provided that the initial donor mass is 2 M ⊙ .
More recent theoretical work in trying to understand the origin of the "LMXB" Cyg X-2 and, in particular, the high intrinsic luminosity of the donor star indicates that the mass of the donor must originally have been substantially larger (∼ 3.5 M ⊙ ) than the current value of ∼ 0.6 M ⊙ (King & Ritter 1999; Podsiadlowski & Rappaport 2000) . The case of Cyg X-2 is particularly important since it provides direct observational evidence that, even when the mass-transfer rate exceeds the Eddington rate by several orders of magnitude, such intermediate-mass systems can survive this phase of high mass-transfer by ejecting most of the transferred mass and subsequently mimick LMXBs. Independently, Davies & Hansen (1998) have suggested 1 that IMXBs may be the progenitors of recycled pulsars in globular clusters. All of these recent developments have led to a resurgence in interest in IMXBs (also see Kolb et al. 2000; Tauris, van den Heuvel, & Savonije 2000) .
In order to approach this problem in a more systematic way, we have carried out binary stellar evolution calculations which cover a broad grid of starting binary parameters, specifically the mass of the donor star, M 2 , and the orbital period at the start of the mass-transfer phase, P orb . At fixed M 2 , the value of initial orbital period effectively determines the evolutionary state of the donor star. This library of models comprises 17 different donor-star masses between 0.6 M ⊙ and 7 M ⊙ , and up to 8 different evolutionary states (or, alternatively, values of P orb ). The initial orbital periods span the range from ∼ 4 hours to 100 days. The starting parameter values associated with this library of models are summarized in Figure 1 . In this figure we show the initial binary parameters in a HertzsprungRussell (H-R) diagram for the companion star. Evolutionary tracks for stars of the same mass, but which evolve as single stars are superposed for reference. Contours of constant initial orbital period for the case of Roche lobe overflow onto a neutron star of 1.4 M ⊙ are also included.
In our binary evolution models, once mass transfer has commenced, it is sustained by either (i) systemic angularmomentum losses (e.g., magnetic braking or gravitational radiation), or (ii) expansion of the donor star due to nuclear and/or thermal evolution. The mass transfer may proceed on any of the timescales implicit in the mechanisms listed above, or may in fact proceed on a dynamical timescale under certain conditions. All of these are explored in detail in this study.
During the mass transfer phases, these objects will generally appear as X-ray sources (possibly LMXBs, IMXBs). These sources could be steady or transient, depending on the size and temperature of the accretion disk and on the mass transfer rate through the disk. At the end of the mass-transfer phase, many of these systems will become binary radio pulsars, wherein the neutron star has been spun up to high rotation rates by the accretion of matter.
One of the main objectives of this study is to provide a library of models that covers the whole range of parameters for LMXBs and IMXBs using a self-consistent set of binary calculations and to discuss the various physical phenomena encountered in the process. In a subsequent study ), we will use this library to study the population of LMXBs and IMXBs as a whole by integrating them into a binary population synthesis code and by comparing the results with the observed population.
In §2 of this paper we describe in detail the stellar evolution code and the binary model used in this study. In §3 we discuss the various types of binary sequences encountered and compare them to previous studies. In §4 we consider the end products of this evolution and present a new case study for the formation of ultracompact X-ray binaries. Finally in §5 and 6, we discuss the implications of these results for the population of X-ray binaries and the formation of binary millisecond pulsars.
binary calculations

The Stellar-Evolution Code
All calculations were carried out with an up-to-date, standard Henyey-type stellar evolution code (Kippenhahn, Weigert, & Hofmeister 1967) , which uses OPAL opacities (Rogers & Iglesias 1992) complemented with those from Alexander & Ferguson (1994) at low temperatures 1 . We use solar metallicity (Z = 0.02), a mixing-length parameter α = 2 and assume 0.25 pressure scale heights of convective overshooting from the core, following the recent calibration of this parameter by and Pols et al. (1997) . To include the effects of pressure ionization in the equation of state, which is important for low-mass stars, we adopted the thermodynamically self-consistent formalism of Eggleton, Faulkner, & Flannery (1973) and calibrated the continuum depression term so that our models for single stars compare well with the detailed models of Baraffe et al. (1998) . Our models agree with these models typically within a few per cent in radius (for masses as low as 0.1 M ⊙ ), although their luminosities may differ by as much as ∼ 20 per cent. This may be due, in part, to the fact that we required a helium abundance of 0.295 for α = 2 to produce a good solar model at the present age of the Sun, as compared to their value of 0.282 for α = 1.9. Our single-star models become fully convective at a mass of 0.351 M ⊙ .
The Binary-Evolution Code
Each of the binaries initially consists of a neutron-star primary with an initial mass M 1 = 1.4 M ⊙ and a normaltype secondary of mass M 2 . The effective radius of the Roche lobe, R L , is calculated with the formula of Eggleton (1983) , R L = a 0.49 q −2/3 0.6 q −2/3 + ln(1 + q −1/3 ) ,
where a is the orbital separation and q = M 1 /M 2 the mass ratio of the binary components. To calculate the masstransfer rate,Ṁ , we adopted the prescription of Ritter (1988) ,Ṁ
where R is the radius of the secondary and H p the pressure scale height at its surface. The constantṀ 0 is calculated according to the model of Ritter (1988) . The solution of this equation requires an iteration in the stellar models. We follow the method described by Braun (1997) , which uses a combined secant/bisection method (the Brent method; see, e.g., Press et al. 1992 ). Angular-momentum loss due to gravitational radiation is calculated according to the standard formula (Landau & Lifshitz 1959; Faulkner 1971) ,
where G and c are the gravitational constant and vacuum speed of light, respectively. To calculate the angularmomentum loss due to magnetic braking, we use the prescription of Rappaport, Verbunt, & Joss (1993) (their eq. 36 with γ = 4), which is based on the magnetic-braking law of Verbunt & Zwaan (1981) ,
In this equation ω is the angular rotation frequency of the secondary, assumed to be synchronized with the orbit. We only include full magnetic braking if the secondary has a sizable convective envelope, taken to be at least 2 % in mass (see also Pylyser & Savonije 1988) . For secondaries with convective envelopes smaller than 2 %, we reduce the efficiency of magnetic braking by an ad hoc factor exp{−0.02/q conv + 1}, where q conv is the fractional mass of the convective envelope. We also assume that magnetic braking stops when the secondaries become fully convective (Rappaport et al. 1983; Spruit & Ritter 1983 ). We do not follow the tidal evolution before the onset of mass transfer (see, e.g., Witte & Savonije 2001) , but start our binary sequences assuming that the systems have already circularized when the secondaries are close to filling their Roche lobes; to be precise we start our calculations when the mass transfer rate as given by equation (2) is ∼ 10 −14 M ⊙ yr −1 . For each sequence, we need to specify what fraction, β, of the mass lost by the donor is accreted by the neutron star and the specific angular momentum of any matter that is lost from the system. We scale the latter with the specific orbital angular momentum of the neutron star, i.e., assume that the angular momentum loss due to mass loss from the system is given by
In all of our sequences, we take α to be 1, which implicitly assumes that all the mass lost from the system is lost from the neighborhood of the neutron star (or its accretion disk), and set β, somewhat arbitrarily, equal to 0.5. In addition, we limit the maximum accretion rate onto the neutron star to the Eddington accretion rate, taken to beṀ = 2 × 10 −8 M ⊙ yr −1 and kept constant throughout each run. In our calculations with relatively massive secondaries, the mass-transfer rate can exceed the Eddington accretion rate by many orders of magnitude. Most of this excess mass must be lost from the system, as the case of Cyg X-2 has demonstrated. This mass loss may, for example, occur in the form of a relativistic jet from the accreting neutron star or a radiation-pressure driven wind from the outer parts of the accretion disk (see, e.g., King & Begelman 1999) . Evidence for both of these processes is seen in the X-ray binary SS 433 (Blundell et al. 2001 ), the only system presently known to be in an extreme superEddington mass-transfer phase.
Since the pressure scale height at the surface of the donor is generally a small fraction of the stellar radius (often as low as ∼ 10 −4 R), the calculation of the masstransfer rate according to equation (2) requires that the radius of the star be calculated to very high precision. To avoid discontinuous changes in radius and henceṀ , it is important that the chemical profile of the initial star is well resolved and that abrupt changes in the surface abundances (for example, as a result of dredge-up) are avoided. To calculate mass loss efficiently, we introduced a moving mesh in the outermost 5 % of the mass of the star. We also assumed that the outermost 10 −4 of the envelope mass of the donor star was in thermal equilibrium. This is necessary since in each time step we typically take off a much larger fraction of the mass of the star and since the structure variables often change by a large factor in this outermost layer. It is also justified since the thermal timescale of this layer is much shorter than any mass-loss timescale encountered in this study. (We have extensively tested that our results are not sensitive to these assumptions, at least for the mass-loss rates obtained, where we generally limited the maximum mass-loss rate to 10 −4 M ⊙ yr −1 .) Despite of these precautions, our calculated mass-loss rates are occasionally subject to numerical oscillations. These tend to be almost negligible for stars with radiative envelopes (typically less than a few percent), but can be several 10's of per cent for stars with convective envelopes and occasionally much larger for evolved giants (in particular during dredge-up phases). We note that, in all of the plots ofṀ presented in this paper, these oscillations, which do not affect the secular evolution of the systems, have been averaged out.
Tests and Comparisons
To test our binary evolution code, we chose to calculate the standard evolution of a cataclysmic variable (CV), initially consisting of a white dwarf of 0.6 M ⊙ and a secondary of 0.8 M ⊙ (here we assumed that all of the mass transferred from the secondary was lost from the system). In this calculation, the system experienced a period gap between 2.4 and 3.1 hr, somewhat smaller than the observed gap (Ritter & Kolb 1998 ), but consistent with previous results for our adopted magnetic-braking law (Rappaport, Verbunt, & Joss 1983) . The minimum period in this calculation was 75 min, somewhat longer than the minimum period found in the most detailed studies of CVs (see, e.g., Kolb & Baraffe 1999; Howell, Nelson, & Rappaport 2001) .
We also compared our calculations to other recent similar binary calculations by a number of different authors, in particular the calculations by Pylyser & Savonije (1988 ; Han, Tout, & Eggleton (2000) ; Langer et al. (2000) ; Kolb et al. (2000) ; Tauris et al. (2000) . For comparable models, we generally find excellent agreement between our calculations and the calculations of these authors. The only significant discrepancy to note is the early case B cal- -Overview of the initial parameters of the secondaries in the Hertzsprung-Russell (H-R) diagram for the 100 binary evolution sequences in the study. The thin solid curves represent evolutionary tracks of single stars with the masses as indicated. The thick solid curves show the orbital periods of systems when the secondaries start to fill their Roche lobes at the particular positions along the evolutionary tracks (assuming a mass for the primary of 1.4 M ⊙ , as appropriate for a neutron star). The symbols are placed at the initial positions of the secondaries in our sequences, where the type of symbol indicates the final fate of the systems (squares: ultracompact systems; circles: He white dwarfs; triangles: HeCO white dwarfs; filled stars: delayed dynamical mass transfer; unfilled stars: dynamical mass transfer; in cases where it is not clear whether the system experiences a dynamical instability, symbols are plotted on top of a star).
culation for Cyg X-2 by Kolb et al. (2000) , where the secondary has an initial mass of 3.5 M ⊙ and has just evolved off the main sequence at the beginning of mass transfer. While our early-case B model (see Podsiadlowski & Rappaport 2000) is in excellent agreement with a similar calculation by Tauris et al. (2000) , in the Kolb et al. model, the early super-Eddington phase is much longer, and as a consequence the mass-transfer rate in the subsequent slower phase about an order of magnitude lower than in our model. We do not know the reason for this discrepancy, whether it has to do with the treatment of mass loss at these very high rates (∼ 10 −5 M ⊙ yr −1 ) or whether it is caused by differences in the structure of the initial models (U. Kolb 2000, private communication) . For example Kolb et al. (2000) do not include convective overshooting in their calculations; this produces a different chemical profile just outside the hydrogen-exhausted core, which may affect the evolution of the secondary (the evolutionary track of their secondary in the H-R diagram is indeed quite different). Until this discrepancy is resolved, we note that there is some uncertainty in the modeling of these systems with extreme mass-transfer rates.
results of binary calculations
Altogether we carried out 100 binary stellar evolution calculations with initial secondary masses ranging from 0.6 M ⊙ to 7 M ⊙ and covering, in a fairly uniform manner, all evolutionary stages likely to be encountered for LMXBs/IMXBs, with orbital periods from 4 hr to 100 d (see Fig. 1 ). In Figure 2 we present the evolutionary tracks of these calculations both in a secondary mass -orbital period diagram (log M 2 -log P orb ; Fig. 2a ) and in a traditional Hertzsprung-Russell (H-R) diagram (Fig. 2b) , where the color coding indicates how much time a system spends in a particular region of the diagrams. What these figures do not show very well, however, is the actual variety in these sequences. Some 70 of the 100 sequences are qualitatively different with respect to the importance and the order of different mass-transfer driving mechanisms, the occurrence of detached phases, the final end products, etc. Indeed there are very few sequences that resemble the classical CV evolution where mass-transfer is driven solely by gravitational radiation and magnetic braking. Instead of presenting all of these sequences in detail, we will discuss the various physical phenomena encountered and illustrate them with particular evolutionary sequences. In the appendix we present the key characteristics of each sequence in tabular form.
As Figure 2 shows, the sequences can be broadly divided into three classes: (1) and (2) systems evolving to long periods and short periods, respectively, and (3) more massive systems experiencing dynamical mass transfer and spiral-in (the short yellow tracks). The systems evolving towards short and long orbital periods are separated by the well-known bifurcation period that has been studied by several authors in the past (see, in particular, Tutukov et al. 1985; Pylyser & Savonije 1988; Ergma 1996; Ergma & Sarna 1996) . For our binary model, the bifurcation period occurs around 18 hr for a 1 M ⊙ model (see §4.2 for a systematic case study). This implies that all 1 M ⊙ models that start mass transfer on or just off the main sequence evolve towards short periods, while for the more massive secondaries only relatively unevolved secondaries do so (see Fig. 1 ), in agreement with the findings of Pylyser & Savonije (1988) . However, the value of the bifurcation period and the behavior of the evolutionary tracks The color of the tracks indicate how much time systems spend in a particular rectangular pixel in the diagrams (from short to long: yellow, orange, red, green, blue, magenta, cyan). The minimum time displayed was chosen to be 100 yr, and the maximum time in each of the panels is ∼ 9.5 Gyr. The 7 colors are distributed evenly in log t between these times. Circles and triangles mark the starting and final points in the sequences, respectively.
near the bifurcation period is very sensitive to the model assumptions, in particular the magnetic-braking law (Pylyser & Savonije 1988 and § 4.2) and the assumptions about mass loss from the system (Ergma 1996; Ergma & Sarna 1996) . Because of the strong divergence of tracks below and about the bifurcation period, one would expect very few systems with final orbital periods near the bifurcation period (Pylyser & Savonije 1988 ) unless a system started its evolution very close to it initially (Ergma 1996) .
Figure 2 also shows that, for the more massive systems, the initial evolution is very rapid. As a direct consequence, very few systems should be observable in this early rapid phase, and X-ray binaries are most likely to have a relatively low-mass secondary when they are observed at the present epoch, even if they had a much more massive companion initially.
Low-Mass Models and the Role of Magnetic Braking
If the secondary is a relatively unevolved low-mass star initially (with mass 1 M ⊙ ), the only important mechanisms driving mass transfer are systemic angularmomentum losses due to magnetic braking and gravitational radiation. This type of evolution is similar to the classical evolution of CVs. The systems evolve towards shorter periods, may experience a period gap when magnetic braking stops being effective (when the secondary becomes fully convective) and ultimately reach a minimum period just before hydrogen burning is extinguished (Paczyński & Sienkiewicz 1981; Rappaport, Joss, & Webbink 1982) . Beyond the period minimum (which depends on the evolutionary stage of the initial model), the secondaries follow the mass-radius relation for degenerate stars and the systems will expand, driven by gravitational radiation alone.
This classical CV-like evolution is illustrated in Figures 3 and 4 for three binary sequences with initial secondaries of 1 M ⊙ and different evolutionary stages (at the beginning, the middle and the end of the main sequence). Figure 3 shows the evolution of orbital period and masstransfer rate as a function of time since the beginning of mass transfer (the evolutionary tracks of the secondaries in the H-R diagram are shown in Fig. 4 ). These calculations serve to illustrate several points, already found in previous studies (see, in particular, Pylyser & Savonije 1989) . The maximum mass-transfer rate is of order a few 10 −9 M ⊙ yr −1 , where the more evolved secondaries experience the lower rates. Indeed, this behavior is also often found for more massive secondaries, where the somewhat evolved stars generally tend to be more stable than the unevolved ones. The period gap for the calculation with the initially unevolved secondary is substantially smaller (2.8 to 3.1 hr) than the period gap for a similar CV calculation where the secondary is a white dwarf of 0.6 M ⊙ (2.4 to 3.1 hr). While the donor stars become fully convective at more-or-less the same orbital period, they have different masses, 0.336 M ⊙ and 0.273 M ⊙ , respectively, since the donor in the LMXB case is not as much out of thermal equilibrium as in the CV case (the magnetic-braking timescale is a factor of ∼ 2.2 longer in the LMXB case, while the gravitational-radiation timescale is a factor of ∼ 2.6 shorter; cf eqs. 3 and 4).
The location and the extent of the period gap decreases for the more evolved systems and completely disappears for the most evolved one. The reason is that the more evolved secondaries become fully convective at a lower mass, which implies a shorter orbital period for the system; but at shorter orbital periods, the timescales for angularmomentum loss due to gravitational radiation and magnetic braking become more comparable, hence producing a smaller gap. Since this type of evolution is similar to the classical CV evolution, it has the obvious implication, as emphasized by Pylyser & Savonije (1989) , that the vast majority of secondaries in CVs have to be essentially unevolved initially to prevent the appearance of too many systems in the observed period gap (Ritter & Kolb 1998) .
The minimum periods decrease for the more evolved systems, again consistent with previous studies (see §4.2 for further discussion). The system that started mass transfer ; from down to up in the upper panel and up to down in the lower panel at early times). The least evolved system experiences a period gap between 2.8 and 3.1 hr and attains a minimum period of 83 min, the model in the middle of the main sequence has a period gap between 2.2 and 2.4 hr and a period minimum of 80 min, while the most evolved system experiences no period gap and has a minimum period of 48 min.
when the secondary had just completed hydrogen burning in the center attains a minimum period of 48 min (note the spike inṀ near the minimum period in this case).
Thermal timescale mass transfer
If the donor is initially more massive than the accretor, the Roche lobe radius generally shrinks. If this radius is less than the thermal equilibrium radius of a star of the same mass, the secondary can no longer stay in thermal equilibrium and mass transfer will proceed on a thermal timescale or, in more extreme cases, on a dynamical timescale (see § 3.3; for general reviews of thermal timescale mass transfer see, e.g., Paczyński 1970; Ritter 1996 , and for other recent discussions Di Stefano et al. 1997; Langer et al. 2000; King et al. 2001) . It is customary to analyze the stability of mass transfer in terms of mass-radius exponents where
and
define, respectively, the mass-radius exponents for stars in thermal equilibrium, for the Roche-lobe, and for stars losing mass adiabatically. If the Roche-lobe radius shrinks more rapidly than the adiabatic radius (i.e., if ξ RL > ξ ad ), then there is no hydrostatic solution for which the secondary can fill its Roche lobe (as defined by eq. 2) and mass transfer will proceed on a dynamical timescale (see § 3.3). The case where mass transfer is dynamically stable, but occurs on a thermal timescale is given by the inequalities ξ ad > ξ RL > ξ eq . For stars with radiative envelopes, ξ ad is generally very large initially, and in most situations much larger than ξ RL (ξ RL generally depends on the mass ratio and any changes in orbital separation due to the transfer of mass and systemic mass and angular momentum losses; see, e.g., Rappaport et al. 1983) . To illustrate this, we show approximate adiabatic mass-radius exponents, ξ ad , in Figure 5 for stars with initial masses from 1.2 -2.2 M ⊙ and the corresponding mass-radius relations (these were obtained by taking mass off these stars at a high constant rate of 10 −5 M ⊙ yr −1 ). The large initial values for ξ ad imply that the star has to lose very little mass to shrink significantly. This simply reflects the fact that, in radiative stars, a large fraction of the envelope (in radius) contains very little mass (for example, in an unevolved 2.1 M ⊙ star, the outer 40 % of the radius contains just 1 % of the mass). Once this low-density, high-entropy layer is lost, ξ ad drops dramatically to a value of order 1 and ultimately becomes negative when the convective, flat-entropy core is exposed. From this stage on, the radius of the star increases with further mass loss. Since the whole star expands dramatically in this phase, it will be very underluminous for its mass (since most of the internal luminosity drives the expansion) and nuclear burning will ultimately be turned off because of a dramatic decrease in the central temperature. As long as ξ ad remains larger than ξ RL , mass transfer remains dynamically stable. The star, which is undersized for its mass, will expand and try to relax to its equilibrium radius. It is this relaxation of the star on a thermal timescale that gives this mode of mass transfer its name.
A characteristic mass-transfer rate for this phase is often defined by an expression of the form (see, e.g., Rappaport, Di Stefano, & Smith 1994; Langer et al. 2000 )
where M i 2 and M i 1 are the initial masses of the secondary (the mass donor) and the primary, respectively, and t KH is the Kelvin-Helmholtz timescale of the secondary (i.e., the thermal timescale of the whole star), where R and L are the radius and the nuclear luminosity of the secondary. As shown by Langer et al. (2000) , equation (11) tends to overestimate the actual mass-transfer rate by up to an order of magnitude for solar-metallicity stars. In Figure 6 we present the binary sequence for a 2.1 M ⊙ star that starts to fill its Roche lobe near the end of the main sequence (when its central hydrogen abundance was X c = 0.096). Indeed, the maximum mass-transfer rate of ∼ 2 × 10 −7 M ⊙ yr −1 is about an order of magnitude lower than what equation (11) would predict. Since the mass-loss timescale is much longer than the thermal timescale, the secondary is only moderately out of thermal equilibrium throughout the highṀ phase. Figure 7 shows a more extreme example of thermal timescale mass transfer where the secondary has an initial mass of 4.0 M ⊙ and is in a similar evolutionary phase as the secondary in Figure 6 . This system is, in fact, on the brink of experiencing a delayed dynamical instability (see § 3.3). In this case, equation (11) provides a good estimate for the average mass-transfer rate in the thermal mass-transfer phase of ∼ 4 × 10 −6 M ⊙ yr −1 , but, as discussed by Langer et al. (2000) , it does not describe the detailed behavior of this phase very well. In the turn-on phase, which lasts of order a Kelvin-Helmholtz time,Ṁ is significantly less thanṀ th , simply because there is so little mass in the outer layers of the donor star and very little mass needs to be transferred for the secondary to adjust its radius to the shrinking Roche-lobe radius (which again is reflected in the large adiabatic mass-radius exponent). Equation (11) also does not provide a good estimate for the maximumṀ of 1.7×10 −4 M ⊙ yr −1 . The reason is that, at this high mass-transfer rate, only the outer layers will be able to adjust thermally and drive the expansion and that, in this case, t KH in equation (11) should be replaced by the shorter thermal timescale of this layer. What fraction of the envelope can adjust thermally also depends to a large degree on how the Roche-lobe radius changes (through the Roche-lobe filling constraint, i.e., eq. 2), which in turn depends on external factors such as the change of the mass ratio and systemic mass and angular momentum loss and not on the internal properties of the secondary. In the somewhat extreme example shown in Figure 7 , the secondary evolves essentially adiabatically near the peak iṅ M .
The secondary will only be able to re-establish thermal equilibrium once the Roche-lobe radius starts to expand (generally after the mass ratio has been reversed). At this stage, the secondary will be significantly undersized and underluminous for its mass. However, this equilibration phase itself will take a full Kelvin-Helmholtz time and a significant amount of mass (∼ 0.4 M ⊙ in the sequence shown in Fig. 7 ) will still be transferred before the secondary has re-established thermal equilibrium.
To illustrate this thermal relaxation phase further, we calculated a separate mass-loss sequence for an unevolved 2.1 M ⊙ star losing mass at a constant rate of 10
(∼ 5 ×Ṁ th ) until its mass had been reduced to 1 M ⊙ and then let it relax until it reestablished thermal equilibrium. Figure 8 shows the evolution of the radius (solid curve) and Figure 9 the evolution of the entropy profile in this calculation. First note in Figure 9 that only the outer layers of the secondary (in mass) are able to thermally adjust significantly (and only at early times). During the mass-loss phase, the radius of the star is always substantially smaller than the equilibrium radius of a star of the same mass (shown as a dashed curve in Fig. 8 ). In the subsequent relaxation phase, however, the radius overshoots the equilibrium radius by about 15 %. The reason is that a star does not relax in a uniform, homologous way, but different parts of the star adjust on their local thermal timescales which vary throughout the star. This mismatch of timescales drives a thermal wave through the star (associated with a luminosity wave) which causes the overshooting in radius (and luminosity). This is also the reason why the system in Figure 7 becomes detached immediately after the thermal mass-transfer phase 2 . The binary sequence shown in Figure 6 may, at early times, represent the evolution for a system like HZ Her/Her X-1, which has an orbital period of 41 hr and contains a slightly evolved secondary of ∼ 2.35 M ⊙ (e.g., Joss & Rappaport 1984) . At late times, the sequence may be appropriate for a system like the LMXB X-ray pulsar GRO J1744-28 with an orbital period of 11.8 d (Finger et al. 1996 ) and a donor mass that is likely in the range 0.2 -0.4 M ⊙ (Rappaport & Joss 1997) . After the initial high-Ṁ phase, mass transfer is driven by the nuclear evolution of the star and starts to rise towards the end of the mainsequence phase. The system becomes briefly detached at the point of hydrogen exhaustion (associated with a brief shrinkage in radius). The subsequent peak inṀ occurs when magnetic braking has become most active. As the system expands, magnetic braking becomes less effective and consequentlyṀ starts to decrease. At some point nuclear evolution on the sub-giant branch becomes the dominant mass-transfer driving mechanism, andṀ rises as the nuclear timescale becomes shorter. Eventually, the system becomes detached when the secondary has a mass of 0.322 M ⊙ . Despite this low mass, the secondary still ignites helium in its core and ultimately ends its evolution as a HeCO white dwarf (see §4.1). Figure 10 shows a sequence similar to Figure 6 for a secondary with an initial mass of 2.1 M ⊙ , except that it is less evolved initially (its initial, central hydrogen abundance was X c = 0.489). This sequence may provide a model for the X-ray binary Sco X-1 with an orbital period of 18.9 hr. In this case, the high observed luminosity of Sco X-1 would be the result of thermal timescale mass transfer. In this particular model, the secondary of Sco X-1 is predicted to have a mass of ∼ 2 M ⊙ and resemble an A or F star (absent any X-ray heating effects; see the corresponding evolutionary track in Fig. 4 ). After the thermal timescale phase, mass transfer is driven by the nuclear evolution of the core. As the star develops a convective envelope, magnetic braking takes over as the dominant mass-transfer driving mechanism, causing a spike in the mass-transfer rate. As the system expands, magnetic braking becomes less effective and the system becomes briefly detached as it evolves up the giant branch. Eventually, after the secondary has lost most of its hydrogen-rich envelope, it evolves away from the giant branch and ends its evolution as a He white dwarf with a mass of 0.231 M ⊙ .
The binary sequence in Figure 7 represents a slightly more massive version of the evolution that may explain the evolutionary history of Cyg X-2 (see Podsiadlowski & Rappaport 2000) . After the thermal timescale phase, the system becomes detached and stays detached for the next ∼ 4 × 10 7 yr. In this phase, the secondary has the appearance of a ∼ 2.5 M ⊙ main-sequence star in the H-R diagram (see Fig. 4 ), except that it is significantly undermassive with a mass of only ∼ 1 M ⊙ and has a low surface hydrogen abundance of 0.34 (by mass). The companion may appear as a slightly spun-up radio pulsar, having accreted ∼ 0.007 M ⊙ of material. The secondary starts to transfer mass again shortly after exhausting hydrogen in its core. In this second mass-transfer phase, the evolution is driven by nuclear shell burning (similar to the case AB model of Podsiadlowski et al. 2000) . The final mass of the HeCO white dwarf is 0.466 M ⊙ .
Dynamically unstable mass transfer
A dynamical mass-transfer instability occurs when the Roche-lobe radius shrinks more rapidly (or expands less slowly) than the star can adjust either thermally or adiabatically, i.e., when ξ RL > ξ ad (see § 3.2). This will then most likely lead to a common-envelope and a spiral-in phase (Paczyński 1976) . For a binary initially consisting of a (sub-)giant and a neutron star, the system will either merge completely to form a rapidly rotating single object (a Thorne-Żytkow object? Thorne &Żytkow 1977) or become a short-period binary with a white-dwarf companion if the envelope is ejected.
For a fully convective star (approximated by an n = 1.5 polytrope), the condition ξ RL = ξ ad defines a critical mass ratio q crit ≃ 3/2 (where q = M 1 /M 2 ; see, e.g., Faulkner 1971; Paczyński & Sienkiewicz 1972; Rappaport et al. 1982) . If the accreting star is a neutron star of 1.4 M ⊙ , this criterion applied literally would imply that mass transfer would be dynamically unstable if the secondary is a (sub-)giant larger than ∼ 0.9 M ⊙ . However, (sub-)giants are generally not well represented by fully convective polytropes. For example, Hjellming & Webbink (1987) (also see Soberman, Phinney, & van den Heuvel 1997) showed that the fact that (sub-)giants have degenerate cores of finite mass can increase q crit significantly. This criterion also does not take into account any time delay between the onset of mass transfer and the appearance of the dynamical instability, during which a substantial amount of mass may already be transferred in a stable manner.
In our calculations, dynamical instability manifests itself by the fact that we can no longer satisfy the Rochelobe filling constraint in equation (2). The secondary will subsequently overfill its Roche lobe by an ever increasing amount. Since we generally limit the maximum masstransfer rate to 10 −4 M ⊙ yr −1 , some stars near the brink of dynamical instability will not be able to satisfy equation (2) in our calculations, but would do so without the constraint of a maximum mass-transfer rate. We therefore assume that all systems where the secondary overfills its Roche lobe by at most a few per cent for a short amount of time are stable against dynamical mass transfer 3 . In all other cases, we continued the calculations until the overflow factor (f over ≡ R/R L ) exceeded a value of 1.5. Tauris & Savonije (1999) have recently examined the dynamical stability for X-ray binaries with (sub-)giant donors in detail, using realistic binary stellar evolution calculations, and found that all systems with (sub-)giant donor masses 2 M ⊙ were dynamically stable (they assumed an initial neutron-star mass of 1.3 M ⊙ ). In our calculations we also find that all sequences with donor stars up to 1.8 M ⊙ are dynamically stable, irrespective of evolutionary phase. Indeed, even for more massive secondaries, we often find that mass transfer is either dynamically stable (if the secondaries start mass transfer at the beginning of their ascent of the giant branch) or that the secondaries overfill their Roche lobes by only a relatively moderate amount (the most evolved secondaries in our sequences with initial masses of 2.1, 2.4, and 2.7 M ⊙ overfill their Roche lobes by at most 9, 12, and 13 %, respectively; see Table A1 ). While the latter is likely to lead to the formation of a common envelope, it is not obvious that it necessarily leads to a spiral-in phase, since there is no friction between the immersed binary and the envelope, as long as the envelope can remain tidally locked to the orbiting binary (see, e.g., Sawada et al. 1984) .
In Figure 11 we present the binary sequence for the most evolved 1.8 M ⊙ secondary we calculated. The initial peak in the mass-transfer rate is very high (∼ 9 × 10 −6 M ⊙ ), but mass-transfer remains stable. Even after the mass ratio has been reversed,Ṁ is significantly super-Eddington. The system becomes temporarily detached when the Hburning shell starts to move into the region with a gradient in hydrogen abundance, established during the hydrogen core burning phase, and the giant shrinks significantly (Thomas 1967). We find these temporarily detached phases in most of our sequences where the secondary evolves up the giant branch. (These detached phases on the giant branch have also been found in a number of other recent studies; Tauris & Savonije 1999; Han et al. 2000; N. Langer 1999 [private communication] .)
Many of the systems in which the initial secondary mass is 4 M ⊙ and probably all systems more massive than ∼ 4.5 M ⊙ experience dynamical mass transfer (see Fig. 1 and Table A1 ), resulting in the spiral-in of the neutron star inside the secondary. However, in all systems where the secondary is still on the main sequence when mass transfer starts, this dynamical instability is delayed (see Hjellming & Webbink 1987) since the secondaries initially have radiative envelopes with large adiabatic mass-radius exponents (as discussed in § 3.2), which stabilizes them against dynamical mass transfer. Dynamical instability occurs once the radiative part of the envelope with a steeply rising entropy profile (the entropy spike near the surface in Fig. 9 ) has been lost and the core with a relatively flat entropy profile starts to determine the reaction of the star to mass loss. This delay may last for up to ∼ 10 6 yr; during this time the system should still be detectable as an X-ray binary, with a very high mass-transfer rate and quite possibly some unusual properties (such as SS433?) in the last 10 4 -10 5 yr before the onset of the dynamical instability. Figure 12 illustrates the case of a delayed dynamical instability for an initially unevolved 4.5 M ⊙ secondary. The early mass-transfer phase can be divided into two separate phases: (1) a phase of atmospheric Roche-lobe overflow whereṀ increases exponentially (according to eq. 2) because the radius of the star approaches the Roche-lobe radius; and (2) a phase (labelled 'radiative' in Fig. 12) where the high-entropy material in the low-density envelope of the secondary is lost. The binary parameters remain essentially unchanged in the first phase, lasting ∼ 1.2×10
6 yr in this example, but the secondary loses ∼ 0.5 M ⊙ in the second much shorter phase, lasting only ∼ 10 5 yr, and both the radius and the orbital period shrink drastically. At the onset of the dynamical instability (which we here take as the point whenṀ exceeds 10 −4 M ⊙ yr −1 ), the secondary is extremely underluminous and has the appearance of a ∼ 1.3 M ⊙ main-sequence star in the H-R diagram (see Fig. 4 ).
end products
Pulsars with He, HeCO White Dwarfs
In Figure 13 we show the final distribution of the calculated systems in the secondary mass -orbital period plane (for sequences that avoided dynamical instability). Here the size of the symbols indicates how much mass a neutron star has accreted. In systems with large symbols, the neutron star has accreted at least 0.2 M ⊙ (for our accretion prescription) and may be reasonably expected to appear as a millisecond pulsar. A circle indicates that the secondary ends its evolution as a He white dwarf. Note that the He white dwarfs form a sequence that quite closely follows the relation between white-dwarf mass and orbital period for wide binary radio pulsars as calculated by Rappaport at al. (1995; solid and dashed curves). The new sequence may be somewhat steeper at low masses (also see Ergma 1996; Tauris & Savonije 1999 ) and lies systematically below the average sequence of Rappaport et al. (1995) . The latter can be easily understood since, when the secondaries become detached from their Roche lobes, they have already evolved somewhat away from a Hayashi track and are hotter (and hence smaller) than a giant of the same core mass (see Fig. 4 ), an effect that could not be easily included without detailed binary evolution calculations. This suggests that one should rescale the average relation of Rappaport et al. (1995) by a factor ∼ 0.65.
In systems with triangle symbols, the secondaries ignite helium in the core and generally burn helium in a hot OB subdwarf phase (after mass transfer has been completed). Note that the lowest mass of a helium star for which helium can be ignited is ∼ 0.3 M ⊙ , the minimum mass for helium ignition in non-degenerate cores (see, e.g., Kippenhahn & Weigert 1990) . While the more massive helium stars convert most of their mass into carbon and oxygen (typically having a helium-rich envelope of at most a few per cent), the lower-mass helium stars only burn helium completely in the core and end their evolution with large helium envelopes (this was found first in calculations by Iben & Tutukov [1985] and more recently by Han et al. [2000] ). It is not clear at the present time whether the fact that these low-mass HeCO white dwarfs have large CO cores has detectable, observational consequences. The most interesting aspect of the systems with HeCO white dwarfs is, of course, that most of them lie well below the white-dwarf -orbital period relation without having experienced a common-envelope phase Fig. 13. -The final distribution of the calculated sequences in the secondary mass -orbital period plane (for sequences that avoided dynamical mass transfer). Circles and triangles indicate that the secondaries are He white dwarfs and HeCO white dwarfs, respectively. The size of the symbols indicates how much mass the neutron stars have accreted (systems with large symbols may be reasonably expected to contain millisecond pulsars). The low-mass, ultracompact systems (M 2 < 0.15 M ⊙ , P orb < 0.1 d) are plotted when the systems pass through the orbital-period minimum. The solid and dashed curves give the average and the range of the white-dwarf mass -orbital-period relation for wide binary radio pulsars (from Rappaport et al. 1995) . (also see Podsiadlowski & Rappaport 2000; Tauris et al. 2000) .
Finally, it is worth noting that most of the He white dwarfs with masses < 0.4 M ⊙ and even some of the more massive HeCO white dwarfs experience several dramatic hydrogen shell flashes (typically 2 to 4) before settling on the white-dwarf cooling sequence. These flashes have been extensively discussed in the literature (e.g., Kippenhahn, Thomas, & Weigert 1968; Iben & Tutukov 1986 ). More recently, Sarna, Ergma, & Gerškevitš-Antipova (2000) published a detailed study of hydrogen shell flashes for lowmass He white dwarfs and their implications for the calculations of cooling ages in companions of binary millisecond pulsars.
During these flashes, the luminosity typically rises by a factor of 1000 and the radius increases by a factor of 10 or more on timescales of a few decades. Indeed, during these flashes the secondaries tend to fill their Roche lobes again, leading to several short mass-transfer phases with mass-transfer rates that are often much higher than the rates achieved in earlier phases (typically withṀ ∼ several × 10 −6 M ⊙ yr −1 ). In Figure 14 we present an example of a He white dwarf of 0.199 M ⊙ which experiences 3 such flashes (the secondary originally had a mass of 1.4 M ⊙ and filled its Roche lobe near the end of the main sequence).
Ultracompact X-ray Binaries
As Figures 2a and 13 show, systems with initial orbital periods below the bifurcation period (∼ 18 hr) become ultracompact binaries with minimum orbital periods in the range of 11 -83 min. The shortest period is similar to the 11 min period in the X-ray binary 4U 1820-30 in the globular cluster NGC 6624 (Stella et al. 1987) . Unlike the two better-known models for the formation of this system, this evolutionary channel involves neither a direct collision (Verbunt 1987 therefore constitutes an attractive alternative scenario for 4U 1820-30. This alternative evolutionary path for the origin of 4U1820-30 was originally suggested by Tutukov et al. (1987) 4 . Fedorova & Ergma (1989) made the first detailed case study of this scenario and showed that, if mass transfer starts near or just after the point of central hydrogen exhaustion, orbital periods as short as 8 min could be attained and that a system like 4U 1820-30 can pass through an orbital of 11 min twice, while approaching the period minimum and after having passed through it. In related studies, Nelson, Rappaport & Joss (1986) and Pylyser & Savonije (1988) found minimum periods as short as 34 and 38 min, respectively. These authors were not specifically trying to explain 4U 1820-30 but their Galactic counterparts 4U 1626-67 and 4U 1915-05 with orbital periods of 41 min (Middleditch et al. 1981; Chakrabarty 1998 ) and 50 min (Chou, Grindlay, & Bloser 2001) , respectively.
To determine the shortest orbital period that can be attained through this channel, we performed a separate series of binary calculations for a 1 M ⊙ secondary with parameters appropriate for 4U 1820-30 in the metal-rich globular cluster NGC 6624 (i.e., with Z=0.01, Y=0.27). Our results confirm the earlier results of Fedorova & Ergma (1989) that, if the secondaries start mass transfer near the end of core hydrogen burning (or, in fact, just beyond), the secondaries transform themselves into degenerate helium stars and that orbital periods as short as ∼ 5 min can be attained without the spiral-in of the neutron star inside a common envelope. The top panel in Figure 15 shows the relation between initial orbital period and the minimum period, while the other panels give the secondary mass, M 2 , mass-transfer rate,Ṁ , and surface hydrogen abundance, X s , at the minimum period. There is a fairly large range of initial orbital periods (13 -17.7 hr) which leads to ultra-compact LMXBs with a minimum orbital period of less than 30 min. The drop in P min at 13 hr occurs for a model where the secondary has just exhausted hydrogen in the center at the beginning of mass transfer. The shortest minimum period is attained for systems just below the bifurcation period (in this case ∼ 18 hr). The mass-transfer rate at the minimum period increases significantly as the minimum period decreases, simply because the time scale for gravitational radiation, which drives the evolution at this stage, becomes so short. Figure 16 shows the details of four representative sequences: sequence (a; black) has an initially unevolved secondary, in sequence (b; green) the secondary has just completed hydrogen burning in the center, while in sequences (c; red) and (d; blue) the secondaries have pure helium cores of 0.024 M ⊙ and 0.028 M ⊙ , respectively, at the beginning of mass transfer. Open circles show when the sequences reach the period minimum, and other symbols indicate when they pass through the periods of the three known ultracompact X-ray binaries in globular clusters (see Table 1 ). The shortest minimum periods are ob- Fig. 15 .-Formation of ultracompact LMXBs. From top to bottom: the minimum orbital period, the mass of the secondary, the mass-transfer rate, and the surface hydrogen abundance (all at the minimum period) versus initial orbital period. All calculations start with a 1.4 M ⊙ neutron star and a 1 M ⊙ secondary. The vertical dashed line indicates the initial orbital period above which systems become wider rather than more compact (i.e., the bifurcation period). The dots indicate the results of the calculated sequences. The dashed curves in the top panel indicate the range of minimum periods if mass transfer is assumed to be either fully conservative (upper curve) or fully non-conservative (lower curve). tained for systems that exhaust all of the hydrogen left in their surface layers just near the point where they become degenerate and hence manage to transform themselves into essentially pure helium white dwarfs. In the phase where the hydrogen shell is being extinguished, the luminosity of the secondary briefly increases in the sequences with the shortest minimum periods (top panel), before the secondaries descend on the cooling sequence for He white dwarfs. In sequence (d; blue), the secondary becomes detached at an orbital period of 4.3 hr. Gravitational radiation then causes the system to shrink, and the secondary starts to fills its Roche lobe again at an orbital period of 35 min. Note also that after the minimum period,Ṁ generally drops dramatically.
In Table 1 we list all X-ray binaries in globular clusters with known orbital periods. Strikingly, three of the six systems have ultra-short periods. In this table, we also list the timescales for the orbital period changes for the three compact systems based on the sequences shown in Figure 16 as well as on a simple model where the secondary is a fully degenerate He white dwarf and the system is driven by gravitational radiation alone (labelled 'GR'). The 11 min system (4U 1820-30 = X1820-303) is particularly interesting since its orbital period is observed to be decreasing rather than increasing (Tan et al. 1991) , as would be expected for a fully degenerate secondary. While it had been argued that this apparent orbital period decrease could be caused by gravitational acceleration within the globular cluster (Tan et al. 1991) , van der Klis et al. (1993) subsequently concluded that, using a more realistic mass model for the globular cluster NGC 6624, it was unlikely that the negativeṖ could be fully explained by cluster acceleration. On the other hand, as Table 1 shows, the theoretical P/Ṗ in sequence (c; red) is in excellent agreement with the observed value, and the value in sequence (d; blue) is in reasonable agreement (Fedorova & Ergma [1989] obtained similar values). This provides additional support for this evolutionary channel for these ultracompact globular-cluster systems. One potentially testable prediction is that some of these systems still contain hydrogen in their envelopes (up to 40 % by mass in the sequences shown). After the period minimum, the sec- ondaries in sequences (c; red) and (d; blue) become pure He white dwarfs, and their evolution is identical to that of systems with He white dwarfs, driven by gravitational radiation alone.
Since the value of the bifurcation period is sensitive to the adopted magnetic-braking law, the range of initial orbital periods which leads to ultracompact systems will also depend on it. To examine this dependence, we carried out two additional series of calculations where we increased and decreased the efficiency of magnetic braking by a factor of 5 with respect to our standard model, respectively. As expected, the bifurcation period increased to ∼ 20 hr for the more efficient magnetic-braking law and decreased to ∼ 15 hr for the less efficient one. In both cases, we obtained systems with minimum periods as short as 9 and 16 min, respectively (note, however, that this exploration was not as comprehensive as for the standard case).
It is quite remarkable that one of our binary sequences (sequence c; red), with an initial orbital period around 17 hr, appears to be a suitable sequence to explain all six LMXBs in globular clusters whose orbital periods are presently known, from the system with the longest period (AC211/X2127+119 in M15; P orb = 17.1 hr; Ilovaisky et al. 1993) to the 11-min binary. Furthermore, systems with an initial period in the range of 13 -18 hr are quite naturally produced as a result of the tidal capture of a neutron star by a main-sequence star (Fabian, Pringle, & Rees 1975; Di Stefano & Rappaport 1992) and are not the generally expected outcome of a 3-or 4-body exchange interaction (see, e.g., Rasio et al. 2000) .
To illustrate this, we calculated the orbital period at which mass transfer commences, the contact period, for systems that form as a result of the tidal capture of a 1 M ⊙ normal star by a 1.4 M ⊙ neutron star. Figure 17 shows the contact period as a function of the relative capture distance (i.e., the ratio of initial periastron distance to the radius of the star) for different radii (i.e., evolutionary stages on the main sequence) of the secondary at the epoch of capture. In these calculations we assumed that the systems formed by tidal capture circularized quickly (on a timescale short compared to the magnetic-braking timescale and the evolutionary timescale of the secondary) and that the system was brought into contact by the combined effects of magnetic braking (causing the orbit to shrink) and the evolution of the secondary.
It has been estimated that for the tidal capture of a main-sequence star by a neutron star, the initial periastron distance has to be 3 stellar radii (Fabian et al. 1975; Press & Teukolsky 1977; McMillan, McDermott, & Taam 1987) . It also has to be larger than ∼ 1.5 stellar radii, so that in the circularized system (which has a separation twice the initial periastron distance) the secondary underfills its Roche lobe. As Figure 17 shows, this range of initial capture distances produces systems which start mass transfer between 9 and 21 hr, depending on the radius of the secondary at the time of capture. The range of radii chosen corresponds to the change in radius of a 1 M ⊙ star on the main sequence (i.e., as it evolves from the zero-age main sequence to the terminal-age main sequence). Since all stars on the main sequence have roughly equal probability for a dynamical encounter with a neutron star, this predicts a fairly uniform distribution of contact periods in this range. In fact, stars with a larger radius are somewhat more likely to be captured since the capture cross section increases linearly with radius (Fabian et al. 1975; Di Stefano & Rappaport 1992 ). This suggests that at least half of the X-ray binaries formed by tidal capture may start mass transfer with orbital periods in the range of 13 to 18 hr, the range which produces ultracompact systems. This may explain the surprisingly large fraction of ultracompact systems (3 out of 6 systems with known orbital periods) in globular clusters.
One well-recognized problem with the tidal-capture scenario for the formation of LMXBs in globular clusters is the fact that the total energy that needs to be tidally dissipated during the capture and subsequent circularization process is of order the binding energy of the secondary. Since all of this energy is deposited in the secondary, it may lead to its destruction either by dynamical effects (Rasio & Shapiro 1991) or due to the thermally driven expansion of the secondary that is tidally heated (McMillan et al. 1987; Ray, Kembhavi, & Antia 1987; Podsiadlowski 1996) . As a consequence, the initial capture distance for which a 1 M ⊙ star can be captured and survive the process may be much more limited than the range used above. Indeed, this is the reason why it has been popular in recent years to dismiss this formation channel altogether. However, we would like to emphasize (1) that the details of the tidal capture process, in particular the response of the secondary to tidal heating (see Podsiadlowski 1996) , are still rather uncertain; (2) that, as shown here, tidal capture naturally produces the range of orbital periods actually observed in globular-cluster LMXBs; and (3) that alternative scenarios, 3-or 4-body interactions, do not generally lead to systems in the observed range. This suggests to us that it is not only premature to rule out tidal capture as a formation scenario for LMXBs, but that the LMXBs in globular clusters with well-determined orbital periods actually provide observational evidence in its favor. An unbiased re-examination of the whole process is therefore clearly warranted.
application to the population of x-ray binaries
In the previous sections we have presented the results of our 100 binary evolution models for LMXBs and IMXBs which cover a systematic grid of binary parameters at the onset of mass transfer. We have shown specifically that a number of these binary sequences pass through states which would closely resemble many of the well known and individually studied LMXBs and IMXBs. This includes X-ray binaries with long and short orbital periods, very low-to moderate-mass secondaries, a wide range of X-ray luminosities, and systems in and out of globular clusters. All but a few of our 100 binary evolution sequences started with donor stars of mass > 1M ⊙ , and the majority had donors > 2M ⊙ . One of the more striking results of these calculations is that most of the evolution time these systems spend as an X-ray binary occurs after the mass of the donor star has been reduced to 1M ⊙ (see Fig. 2a ). Thus, a large fraction of the systems which we commonly refer to as "LMXBs" may actually have started their lives as "IMXBs." This has important implications for both (i) the retention of neutron stars in binaries at the time of the supernova explosion which gives birth to the neutron star (i.e., it is easier to keep the neutron star bound with a 2 or 3 M ⊙ companion than with a truly low-mass companion), and (ii) the evolutionary state of the companion stars in LMXBs that we observe today (i.e., they are probably not nearly as unevolved as was previously assumed).
One observational consequence is that many of these systems should be hydrogen deficient and helium enriched, and that the surface composition of many secondaries should show evidence for CNO processing (i.e., be enhanced in N and depleted in C and O). Our calculations predict that at a particular orbital period ( 80 min), the surface hydrogen abundance can vary typically between ∼ 1/3 of the solar value and solar (at shorter orbital periods, all systems should be hydrogen-deficient). While the hydrogen (or helium) abundance can usually not be measured directly, an increased helium abundance affects the behavior of accretion, e.g., by increasing the Eddington accretion rate. This could provide some indirect evidence for helium enrichment in some of these systems.
While it is, of course, rather gratifying to be able to "explain" possible evolutionary paths leading to some of the best known X-ray binaries, there remain several outstanding issues: (1) how unique are the evolutionary paths we have found; (2) are types of systems suggested by other reasonably long-lived phases of our binary evolutions represented in the observed binary X-ray source population; and (3) is our complete ensemble of binary evolution models consistent with the overall population of observed LMXBs and IMXBs?
In order to properly investigate these questions one needs to carry out a full binary population synthesis (BPS) study, starting from primordial binaries and utilizing a library of binary evolution models of the type we have generated. Such a BPS study is beyond the scope of the present paper, but has been initiated . One objective of a BPS study will be to produce probability distributions, at the current epoch, for finding LMXBs and IMXBs with various values of M ,Ṁ , P orb , as well as in different evolutionary states, locations in the Galaxy, space velocities, and so forth. Such a study will involve weighting each of the binary evolutions in our library by the probability that each of the initial binary parameters would be realized in nature. For the present study we utilize our evolution tracks to produce a simplified estimate of the likelihood of finding LMXBs and IMXBs in various locations in theṀ − P orb plane. The choice of these two parameters -Ṁ and P orb -is motivated by the fact that these are the easiest to determine for LMXBs. In fact, observationally, very few LMXBs and IMXBs (HZ Her/Her X-1, Cyg X-2) have well determined constituent masses or have much known about the state of the donor star. On the other hand, if an estimate of the distance is known, thenṀ can be inferred from the X-ray luminosity (at least in the case of conservative mass transfer), and the orbital period can be inferred from X-ray or optical photometry, rather than requiring Doppler measurements of either the companion or the neutron star.
To relate our binary models to the Galactic population of LMXBs and IMXBs on a statistical basis, we have constructed a plot which estimates the probability of finding an LMXB or IMXB in a particular region of theṀ − P orb plane. We do not attempt to weight each of the binary evolution runs (in the library). We do, however, take into account the amount of time spent in a particular part of the evolution, as each of our model binaries traverses thė M − P orb plane. We make the implicit assumption of a steady-state production of LMXBs and IMXBs which then proceed through their entire evolution, well within the lifetime of the Galaxy. This, of course, will become less valid for systems with evolutionary phases comparable to the age of the Galaxy. To construct our probability distribution in theṀ − P orb plane, we proceeded as follows. First, we divided up theṀ − P orb plane into a finely spaced, discrete, two-dimensional array. Each of the 100 binary evolution tracks was then placed into this array, weighted by the evolution time spent in each element of the array. The probability of finding an LMXB/IMXB in any particular array element is then proportional to the combined evolution time of all the tracks passing through that array element. However, since there are only 100 evolution tracks, the entireṀ −P orb plane is not completely sampled (for an analogous sampling effect in the M − P orb plane see Fig. 2a ). In order to circumvent this problem somewhat, we computed, for each value of P orb , a cumulative probability distribution inṀ . We then utilized these to compute contours of constant probability which are plotted in Figure 18 . The central heavy curve is the median value ofṀ , while the contours on either side are in increments of 10% in probability, except for the top and bottom curves which represent 1% and 99% of the systems. The shaded region represents 50% of all systems around the median.
As one can see from a perusal of Figure 18 , there should theoretically be a general positive correlation between orbital period (for P orb 1 hr) andṀ , with the value oḟ M a few hundred times larger at periods of ∼100 days as compared with 1 hr. At a given P orb , typically half of the systems are contained within a range of about a factor of ∼ 6 inṀ , centered on the median value. The next step is to compare the model results shown in Figure 18 with the positions of known LMXBs and IMXBs in this diagram. We excluded all obviously transient LMXBs and IMXBs since, in most cases, it is unclear how to estimate the long-term average X-ray luminosity 5 . We then selected 16 LMXBs and IMXBs (i) whose orbital periods are known, (ii) whose X-ray luminosities do not vary wildly, and (iii) where a distance to the source could be estimated. These are shown overplotted on Figure 18 ; they include 2 "Z sources" (triangles), 8 "atoll sources"(squares), 3 X-ray pulsars (stars), and 3 "accretion disk corona sources" (circles). (For references see, e.g., van Paradijs 1995; Christian & Swank 1997.) For the latter group of sources, the observed X-ray flux is thought to be severely affected by an accretion disk corona, and therefore the inferred value ofṀ is shown only as a lower limit. We used a simple factor of 10 −8 M ⊙ yr −1 ≡ 10 38 erg s −1 in converting X-ray luminosity to mass-accretion rate.
The first obvious fact in comparing the theoretical probability distribution to the locations of known LMXBs and IMXBs in theṀ − P orb plane (Fig. 18) is that only a relative handful lie plausibly in or near the shaded region. In fact, 10 of the 16 sources lie at or outside the 1% upper and lower probability contours. The largest discrepancies come from luminous LMXBs with shorter orbital periods (i.e., 1 day). There are several important caveats to note before viewing the comparison made in Figure 18 as being grossly discrepant. First, as mentioned above, the evolution tracks that went into the production of the probability contours in Figure 18 are not weighted by the relative probabilities of achieving their initial binary configurations in nature. Second, no transient X-ray sources have been included in the figure. Many of these sources probably have mean values ofṀ of 3 × 10 −10 M ⊙ yr −1 (and possibly even higher for the larger values of P orb ; van Paradijs 1996; King, Kolb, & Sienkiewicz 1997) which cover a substantial portion of the shaded (high probability) region. Third, there are serious observational selection effects to consider, in that it is generally true that the most luminous X-ray sources are studied in detail, yielding higher probabilities of optical identifications which, in turn, can lead to orbital period determinations. At least the first two of these shortcomings of Figure 18 will be addressed in our binary population synthesis study .
One potentially very important effect that has not been included in our binary calculations is the effect of X-ray irradiation on the secondary which could significantly alter the evolution of these systems and increase the massaccretion rate by either driving a strong wind from the secondary or by causing significant expansion of the secondary (Podsiadlowski 1991; Harpaz & Rappaport 1991) . While these irradiation effects are still poorly understood, even a relatively moderate irradiationdriven expansion of the secondary may cause mass-transfer cycles (Hameury et al. 1993 ) characterized by relatively short phases of enhanced mass transfer and long detached phases. During the X-ray phases these systems would appear to be much more luminous than without the inclusion of X-ray irradiation effects. We also plan to examine this possibility in our BPS study.
application to binary millisecond pulsars
There are currently about 1400 radio pulsars known (Taylor, Manchester, & Lyne 1993; V. Kaspi 2001, private communication) . Of these, ∼ 100 have at least one of the following properties (V. Kaspi 2001, private communication): (i) a very short pulse period (∼ 77 with P 12 ms); (ii) a relatively weak magnetic field (∼ 46 with B 10 10 G); (iii) membership in a binary system (∼ 66); and/or (iv) location in a globular cluster (∼ 45). These systems are widely believed to be "recycled" pulsars, i.e., NSs whose magnetic field has decayed away and which have been spun up to high rotation rates by the accretion of matter from a companion star (see, e.g., Bhattacharya & van den Heuvel 1991) . In the Galactic plane, there are several distinct classes of binary radio pulsars. One major class involves systems with low-mass companions (0.10 -0.4 M ⊙ ) and nearly circular orbits. These range in P orb from a fraction of a day to 1000 days. There is a dearth of these pulsars in the period range of 12 and 68 days. The masses of most of the companions to these pulsars are known only approximately from the measured mass functions. Based on the scenario for their formation, which involves stable mass transfer from a low-mass giant, there is a theoretically predicted relation between the orbital period of these systems and the mass of the remnant companion white dwarf (see, e.g., Rappaport et al. 1995) . In fact, the locus of points in Figure 12 tracing the maximum value of P orb at any given white dwarf mass matches the theoretical relation rather closely (see also § 4.1). Most of the model systems helping to define this relation, however, have orbital periods between ∼12 and 120 days -at least the first half of which fall in the period "gap" found observationally. There is also another cluster of model systems with P orb between ∼11 and 85 minutes; these are of shorter periods than any of the binary pulsars discovered thus far in the Galactic disk. Again we note the caveat discussed in § 5 that our library of binary models has not been weighted according to the probability of achieving their initial binary parameters at the onset of mass transfer, e.g., in the context of a full binary population synthesis calculation.
Another class of binary radio pulsars are the ones with substantially more massive white dwarf companions which distinctly do not fit the scenario described above (with a low-mass giant donor) and do not lie in the P orb -M wd plane near the associated theoretical relationship. These systems also have nearly circular orbits and P orb in the range of ∼ 1 -10 days. It has been proposed for some time now that these systems result from donor stars which are more massive than the neutron star, thereby leading to unstable mass transfer and a common envelope phase (see, e.g., Taam & van den Heuvel 1986 ). Our models with donors that are initially of intermediate mass naturally lead to this type of system without a common envelope phase (see also § 4 and Tauris et al. 2000) . Such model systems are found in abundance in Figure 13 (triangles situated well below and to the right of the theoretical curve).
Yet another class of binary radio pulsars are systems that contain planetary mass companions (i.e., M 0.02M ⊙ ) which are in the process of being ablated by the radiation from the pulsar (e.g., 1957+20; Fruchter, Stinebring, & Taylor 1988) . In this regard, we note that in our binary evolution calculations, the mass transfer is allowed to continue until either the donor star becomes detached from its Roche lobe or its non-degenerate envelope has been completely stripped. Of course, as the neutron star accretes matter from the companion it will be spun up by accretion torques -the maximum spin period being determined by a combination of,Ṁ , the total mass accreted, and the strength of the neutron star's magnetic field. For weak surface magnetic fields (i.e., 10 9 G), the accretion-induced spin period is given approximately by P = 3.5 × (∆M/0.01M ⊙ ) −1/2 ms, where ∆M is the accreted mass. For higher magnetic fields, the minimum accretion induced rotation period scales as 1.9B 6/7 9 ms, for an Eddington-limited luminosity, where B 9 is the surface dipole field strength in units of 10 9 G (see, e.g., Bhattacharya & van den Heuvel 1991) . Thus, at some point in the evolution, prior to the exhaustion of the donor's envelope, a spun-up neutron star may turn on as a radio pulsar. This could have two important consequences for the subsequent evolution of the binary. First, the pulsar radiation (in the form of both electromagnetic waves and a relativistic wind) may exert sufficient pressure on the incoming accretion flow that all further accretion is halted. Second, the pulsar radiation may ablate material from the donor star, and in some cases possibly evaporate it altogether (see, e.g., van den Heuvel & van Paradijs 1988 , Bhattacharya & van den Heuvel 1991 . In the present binary evolution calculations, we do not take either a possible pulsar turnon into account or the subsequent effects of the pulsar radiation on the donor star. In our BPS study we will attempt to use simplified prescriptions to handle both of these processes, i.e., pulsar turnon and ablation of the donor, although there are obviously still many uncertainties concerning both of these.
The final class of binary pulsars we comment on consists of a pair of neutron stars. While these systems are important for exploring binary evolution, acting as laboratories for general relativity, and yielding potentially detectable gravity wave signals when they merge, our study does not shed any new light on their formation. This results from the fact that our highest mass donor stars are 7 M ⊙ which is too low to form a second neutron star.
Many of the same classes of binary radio pulsars that are found in the plane have also been discovered in globular clusters. In particular, there are 22 radio pulsars known in 47 Tuc (Camilo et al. 2000) , 8 in M15 (Anderson 1992) , and 2 each in M5, M13, Ter 5, and NGC 6624. At least 10 of the radio pulsars in 47 Tuc are in binary systems with periods ranging from 1.5 hr to 2 days. This abundance of recycled pulsars in globular clusters is widely attributed to the dense stellar environment which can lead to 2-, 3-, and 4-body stellar encounters at interestingly high rates. Thus, through a combination of processes such as 2-body tidal capture (e.g., Fabian, Pringle, & Rees 1975; Di Stefano & Rappaport 1992) and exchange interactions where a field neutron star replaces a normal star in a binary, numerous neutron star binaries should be formed (see, e.g., Rasio, Pfahl, & Rappaport 2000; Rappaport et al. 2001) .
We have already discussed in § 4.2 how the globularcluster X-ray sources fit our evolution scenarios. However, we need to check if the binary millisecond pulsars also fit naturally into the same evolutionary scenarios. In 47 Tuc, there is a group ("A") of five pulsars which have masses of 0.02 − 0.03 M ⊙ and periods of 1.5 -5.5 hr, while a second group ("B") has masses approximately 10 times higher and periods of 0.1 -2 d. The evolutionary scenarios for producing the ultracompact X-ray binaries discussed in §4.2 may also provide a possible path to the formation of binary radio pulsars of the type found in the 47 Tuc group A pulsars. In the process of evolving to very short periods (11-83 min) ., these mass transfer binaries will naturally pass through orbital periods of 1.5-5 hr. However, at these periods the donor masses are substantially larger than the typical values of ∼ 0.025M ⊙ found for the companions in the group A systems. On the other hand, if at some point in the binary evolution, the neutron star has been spun up to msec periods, pulsar radiation may turn on and both shut off further mass transfer and ablate the donor star until it has been reduced to planetary mass. It is also true that after the minimum period is reached in the ultracompact systems (see §4.2), the orbit will, in principle, expand back into the range of about an hour or so within a Hubble time. In order for such systems to return all the way back to periods of 1.5-5 hours, some other effect, such as sustained tidal heating, would be required (as is also invoked for the case of the post-common envelope scenario proposed by Rasio et al. 2000) . A characteristic of our "ultracompact" evolutionary scenario is that the correct initial orbital periods between ∼ 13 − 18 hr arise naturally from tidal capture in globular clusters. By contrast, the common envelope scenario proposed by Rasio et al. (2000) follows more naturally from the wider orbits left by 3-body encounters.
The orbital period range of ∼ 0.1 − 2 days for the group B pulsars is traversed in many of our binary evolutions (see, e.g., Fig. 2a) . However, in all but 2 cases, the masses of the donor stars in this period range are much higher than the group B pulsar companions. In addition, the donor stars at this phase of the evolution are still quite H-rich and would therefore not resemble the inferred He white dwarf companions of these pulsars. Again, it is possible that these evolutions are interrupted by the turn-on of a strong radio pulsar at just the right values of P orb to match the group B systems. At present, we do not have a good explanation for how this would happen, nor do we know the reason for the existence of two rather distinct groups of msec pulsars.
A long-standing problem in our understanding of millisecond pulsars, known as the birthrate problem, is that, in the standard model of LMXBs, the birthrate of LMXBs appears to be a factor of 10 to 100 lower than the birthrate of millisecond pulsars, which are believed to be their direct descendants. This problem exists for millisecond pulsars both in the Galactic disk (Kulkarni & Narayan 1988; Johnston & Bailes 1991) and in globular clusters ( Fruchter & Goss 1990; Kulkarni, Narayan, & Romani 1990) . This discrepancy may be the result of an overestimate of the LMXB lifetime, typically taken to be ∼ 5 × 10 9 yr in these estimates. If a large fraction of X-ray binaries are IMXBs, one might expect that the time these systems spend as Xray emitters could be significantly reduced, which would then alleviate the problem. However, our calculations show that even IMXBs spend most most of their X-ray active lifetime as low-mass systems and that consequently the duration of the X-ray active lifetime is generally not much lower than for true LMXBs (see the column ∆tṀ in Table A1 ). Thus the inclusion of IMXBs does not immediately solve the birthrate problem. This problem may also be related to the problem of the low median X-ray luminosities found in our calculations (as discussed in § 5) and may have a similar resolution: if irradiationdriven mass-transfer cycles operate for low-mass systems (see § 5), these would not only increase the mass-transfer rates during the X-ray active portion of the cycles but also reduce the duration of the X-ray active lifetime of these systems by a proportionate amount. This could provide a simultaneous solution to both of these problems, the X-ray luminosity and the birthrate problem.
As we have shown, our binary evolution models pertain directly to the binary radio pulsars found in both the Galactic plane and in globular clusters. However, before we can draw definitive conclusions about the relative and absolute populations of the different classes of these objects, in both the plane and in clusters, we must await the results of our binary population synthesis study ).
summary and outlook
As this study has shown, the evolution of low-and intermediate-mass X-ray binaries is much more complex than previously believed, and the standard model for these systems where mass transfer is driven only by magnetic braking, gravitational radiation, and occasionally nuclear evolution is the exception rather than the rule. Our evolutionary sequences show an enormous variety of evolutionary channels which may explain the large diversity in observed systems. Indeed many of the best-studied systems in the Galactic disk (e.g., Her X-1, Cyg X-2, Sco X-1, GRO J1744-28, 4U 1626-67 and 4U 1915-05) as well as all globular clusters sources with known orbital periods can be identified with particular sequences in our library of models. This demonstrates the importance of these results for our understanding of X-ray binaries and millisecond pulsars, believed to be their descendants.
However, our results also show that there are a number of problems still remaining, in particular the low median X-ray luminosities as compared to the luminosity of well observed systems, the orbital-period distribution of millisecond pulsars, and the millisecond pulsar birthrate problem. To shed more light on the significance of these discrepancies, we have initiated a systemic binary population synthesis study where we implement this library of models in a population synthesis code. This will not only allow us to quantify these discrepancies more precisely, but also to examine possible solutions (e.g., irradiation-driven cycles, pulsar turnon, pulsar evaporation, etc.) and should ultimately help us to improve our understanding of the evolution X-ray binaries and the formation of millisecond pulsars.
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APPENDIX
In this appendix, we present in tabular form (Table A1 ) some of the main characteristics of the 100 binary sequences in this study, where the selected parameters depend on the type of evolution encountered. In all sequences, the initial mass of the compact object, assumed to be a neutron star, was taken to be 1.4 M ⊙ . The initial mass of the secondary, M 2 , ranges from 0.6 to 7 M ⊙ . For these masses, the table first lists (in the first row) the initial parameters for each sequence: the initial central hydrogen mass fraction, X f is the final orbital period (in d), ∆t gives the total time since the beginning of mass transfer (in yr) and 'Type' indicates the type of end product ('short': compact system; 'He': wide system with a He white dwarf secondary; 'HeCO': wide system with a HeCO white dwarf secondary; 'del dyn': delayed dynamical instability; 'dyn': dynamical mass transfer; '?' indicates that the system may be dynamically unstable).
Note that the calculations were terminated at different points for the different types of evolution. For the ultracompact systems, the calculations were generally terminated just after the period minimum when the secondaries have become fully degenerate. In systems where the secondary becomes a He or a HeCO white dwarf, the calculations are continued either up to the point where the secondary has settled on the cooling sequence for degenerate stars or until the beginning of the first hydrogen shell flash (although in many cases, we continued the calculations through all flashes). In systems that experience a dynamical instability, the calculations were generally terminated when the secondaries overfilled their Roche lobes by a factor of 1.5. In cases, where the maximum overflow factor was less than 1.5, we continued the calculations (pretending that the systems did not experience a spiral-in phase) just as for the systems that were dynamically stable (these are the systems marked with '?' in the 'Type' column).
The next three parameters in the first row give the average and the maximum mass-transfer rate, <Ṁ > andṀ max (in M ⊙ yr −1 ), respectively, and the total duration of the mass-transfer phase for each sequence, ∆tṀ (in yr), where we considered only phases whereṀ exceeded a rate of 10 −12 M ⊙ yr −1 . The last column in the first row indicates whether the secondary experienced hydrogen shell flashes before settling onto the sequence for degenerate stars.
In the second row, the first four parameters apply to systems that evolve towards short periods: column 'gap' gives the range of orbital periods (in hr) for the sequences that experienced a period gap; M min 2 gives the secondary mass (in M ⊙ ) at the period minimum, P min (in min), and X min s the surface hydrogen abundance at the point. The last 6 columns apply to systems that (may) experience dynamical mass transfer, where f over is the maximum overflow factor (i.e., the ratio of the secondary radius to the Roche-lobe radius), t atm and t rad give the duration of phases with 'atmospheric' and 'radiative' Roche-lobe overflow (in kyr), respectively, before the onset of the dynamical instability. are the secondary and primary masses (in M ⊙ ), respectively, and P dyn is the orbital period (in d) when the mass-transfer rate starts to exceed 10 −4 M ⊙ yr −1 , which is close to the point where many/most of these systems are expected to become dynamically unstable. 
